OSCILLATIONS AND CONCENTRATIONS IN SEQUENCES OF 
GRADIENTS UP TO THE BOUNDARY 



STEFAN KROMER AND MARTIN KRUZIK 

Abstract. Oscillations and concentrations in sequences of gradients {Vii^}, 
bounded in LP{n;R^''^^) if p > 1 and C M" is a bounded domain with the 
extension property in W^'P, and their interaction with local integral function- 
als can be described by a generalization of Young measures due to DiPerna 
and Majda. We characterize such DiPerna-Majda measures, thereby extending 
a result by Kalamajska and Kruzfk 1131 , where the full characterization was 
possible only for sequences subject to a fixed Dirichlet boundary condition. 
As an application we state a relaxation result for noncoercive multiple-integral 
functionals. 



1. Introduction 

Oscillations and/or concentrations in weakly convergent sequences appear in 
many problems in the calculus of variations, partial differential equations, or opti- 
mal control theory, which admit only but not a priori estimates. Young mea- 
sures [29] successfully capture oscillatory behavior of sequences, however, they com- 
pletely miss concentrations. There are several available tools to deal with concentra- 
tions. They can be considered as generalization of Young measures, see for example 
Alibert's and Bouchitte's approach [T], DiPerna's and Majda's treatment of con- 
centrations , or Fonseca's method described in . An overview can be found in 
^ , 28 . Moreover, in many cases, we are interested in oscillation/concentration ef- 
fects generated by sequences of gradients. Oscillatory behavior of gradients was de- 
scribed by Kinderlehrer and Pedregal |15[ll4j in terms of gradient Young measures, 
cf. also (26^ . The first attempt to characterize both oscillations and concentrations 
in sequences of gradients is due to Fonseca, Miiller, and Pedregal [T^]. They dealt 
with a special situation of {g{-)v{\7uk{-))}k<£N where v is positively p-homogeneous, 
Uk G W^'P{n,; R™), p > 1, with g continuous and vanishing on dH.. Later on, a char- 
acterization of oscillation/concentration effects in terms of DiPerna's and Majda's 
generalization of Young measures was given in [13' for arbitrary integrands and in 
[11) for sequences living in the kernel of a first-order differential operator. Recently, 
Kristensen and Rindler [17] characterized oscillation/concentration effects in the 
case p = 1. Nevertheless, a complete analysis of boundary effects generated by 
gradients is still missing. We refer to [IS, for the case where Uk=u + '^(f^; M^O 
on the boundary of the domain. As already observed by Meyers |23| , concentration 
effects at the boundary are closely related to the sequential weak lower semiconti- 
nuity of integral functionals / : W^'P{fl;'R"^) — > M: I{u) = J^v{Vu{x)) dx where 
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V : M™^" R is continuous and such that \v\ < C(l + | • |^) for some constant 
C > 0. Recently, the first author [18] stated an integral necessary and sufficient 
condition ensuring weak lower semicontinuity in W^'^ which is equivalent to the 
one of Meyers, however, much easier to handle due to its local character. We also 
refer to [2] where the weak lower semicontinuity is treated using the so-called Biting 
Lemma 4 . 

The aim of this contribution is to give necessary and sufficient conditions ensuring 
that a given DiPerna-Majda measure is generated by gradients without any restric- 
tions on the generating sequence. In particular, we state a relaxation result for non- 
coercive integral functionals, see Theorem 13.21 extending results by Dacorogna [6]. 
Let us mention that for coercive variational problems, i.e., I{u) = J^v{'Vu{x)) dx 
with c(— H- |J7|^) <v{U) < C{1 + \U\^), p > 1, minimizing sequences do not exhibit 
concentrations. In particular, if {ufejfceN C W^'P{n;M.^^) is bounded and minimiz- 
ing for / then {|ufc|^}fceN is equiintegrable. This is a consequence of the so-called 
decomposition lemma proved in |12j and in an earlier version in |16j . However, for 
different growth and coercivity conditions, for instance if iV = M, v is finite on in- 
vertible matrices and satisfies c(-l-|-|C/|P-|-|C/~i|P) < v{U) < C(-1 + |C/|p+|[/-1|p), 
the corresponding decomposition lemma is not available and appearance of concen- 
trations in minimizing sequences cannot be a priori excluded j3j. We emphasize 
that the aforementioned growth and coercivity conditions are relevant in nonlinear 
elasticity where U is the deformation gradient and belongs to the so-called 
Seth-Hill family of strain measures see e.g. [3 [24]. In particular, v{U) — > cx) if 
det J7 — > 0. Hence, DiPerna-Majda measures can serve as a suitable tool for relax- 
ation. We also refer to [2T1 for optimal control problems exhibiting concentrations 
and for their relaxation in terms of these measures including numerical approxima- 
tion and to [22 for a mathematical model of debonding where concentration effects 
appear, as well. 



2. Notation and preliminaries 

Let us start with a few definitions and with an explanation of our basic notation. 
Having a bounded domain C we denote by C{il) the space of continuous 
functions from fl into M. Its subspace Co{^l) consists of functions in C{fl) whose 
support is contained in Q. We write "7-almost all" or "7-a.e." if we mean "up to a 
set with 7-measure zero" . If 7 is the iV-dimensional Lebesgue measure and M C 
we omit writing 7 in the notation. Furthermore, W^'P{^1;M.^'^), I < p < +00 
denotes the usual space of measurable mappings which are together with their first 
(distributional) derivatives integrable to the p-th power. The support of a measure 
cr e rca(ri) is a smallest closed set S such that (t{A) = if 5 n A = 0. We denote 
by 'w-lim' the weak limit and by Br{xo) an open ball in M.^ centered at xq and the 
radius r > 0. Given a set E, we write xe for its characteristic function, i.e., xe = 1 
on E and = on the complement of E. Moreover, ii E C and r > 0, we 
define the r-neighborhood of E by {E)r := Ua;eE-^'"(^) • ^'-'^ product on 
is defined as a ■ 6 := '^iLi cabi, and analogously on R*^^^. Finally, if a S R*^ and 
h G R^ then a06 G R^^^^ with {a®b)ij = aibj, and I denotes the identity matrix. 
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2.1. Global assumptions. Unless stated otherwise, the foUowing is assumed 
throughout the article: 

(HI) I <p <oo, M eN, N eN with N >2, 

(H2) fl C is open and bounded with boundary of class C^, 

and 

7?. is a ring of bounded, continuous functions vq : R*^^^ — > R, such that 
(i) 7?. is a complete and separable subset of L°°(M*^^^), 
(H3) (ii) CoiR^'''^) C 7^ and 1 e 7e, 

(iii) vo{ • Q) £ 7?. for every wq G 7?. and every Q e SO{N), and 

(iv) ((2?T|) holds for each uo £ 7^, 

i.e., 

there exists a — a{vo) : [0, oo) — )■ [0, oo) continuous with a{0) = s.t. 
^^•^^ \vois) - voit)\ < a(^-l^^^) for every s,t e M*^><^. 

Remark 2.1. Neither (ii) nor (iii) are real restrictions, since we can always extend 
a given ring to achieve this artificially. 

Remark 2.2. A nontrivial example for a function vq satisfying (|2.ip is vo{s) :— 
sin (log (1 + |sp)), s G R*^'*^. We will use ()2.ip usually in form of the equivalent 
condition (j4.2p derived in Lemma 14.11 below. Without the technical assumption 
(|4.2p . a lot of our arguments break down; in particular, it is then no longer clear 
if p-qscb integrands (see Definition 12.61 below) are still precisely those that give 
rise to functionals that are weakly lower semicontinuous along purely concentrating 
sequences, which is the cornerstone of our discussion of the boundary. 

2.2. DiPerna-Majda measures. In the context of DiPerna-Majda measures, we 
rely on the notation listed below. For more background information, the reader is 
referred to [571 [13] and [H]. 

• T^(R^x^) ■.= {v: R^^x^ ^ R | v{s) = vois){l + \s\P) for nvoeTZ}. 

• /JtjR^^x^' denotes the compactification of R^^x^' corresponding to TZ, i.e., a 
compact set into which R^^^a^ jg embedded homcomorphically and densely, 
such that each vq ^ TZ has a unique continuous extension onto /3tiM.^^'^ . 
Since we assume TZ to be separable, the topology of fSizM.^'^^'^ is metrizable. 
For more details, the reader is referred to [9 . 

• rca(S') denotes the set of regular countably additive set functions on the 
Borel cr-algebra on a metrizable set S (cf. 8 ), and its subset rcaj'"(S') de- 
notes regular probability measures on a set S. 

• For Vq G TZ and j> G ica,{l3'nM.^''^ ^ ^ ) , we write 



vo{s) v{ds), 



J M X iV \ ro M X iV 



4 



STEFAN KROMER AND MARTIN KRUZfK 



• (Ts and da, respectively, denote the singular part and the density of the 
absolutely continuous part of cr e rca(f7), with respect to Lebesgue decom- 
position. 

• For <T e rca(il), the space L^(ri, cr; rca(/3KR*^^^)) consists of those func- 
tions X 1-^ Ox which are weak* -measurable (i.e., x i— (vxtVo) is Borel mea- 
surable for every vq G TZ) and cr-essentially bounded. 

• Let 1 < p < oo, let (C/„) C LP(17;R*^^^) be a bounded sequence, and let 
cr e rca(n) and v £ L~(n, cr; rca(/37^R^'^^^)). We cah (cr, i>) the DiPerna- 
Majda measure generated by (Un), if 

(2.2) / ip{x)v{Un{x)) dx — !• / ip{x) (O^^Vq) <T{dx), 

for every ip e C(r2) and every vq G TZ, with v{-) := vq{-){1 + |-|''). Every 
bounded sequence in _LP(ri; R*^^^) has a subsequence which generates a 
DiPerna-Majda measure, see [7 . 

• The set of all DiPerna-Majda-measures generated by a bounded sequence 



in LP(r2;R*^><^) is denoted by DM^(17; td>*^^^^ 



• The set of all DiPerna-Majda-measures in DM^(17; R*^^^) generated by 



gradients, i.e., by (Vu„) for a bounded sequence (m„) C M^^'P(17; R*^), is 
denoted by GDM^(17; R*^^^). 

In addition, we recall the following two general results on DiPerna-Majda-measures: 

Proposition 2.3 ([20]). Let 1 < p < oo, let n C M.'^ be a bounded open domain 
such that \dQ\ = 0, letTZ be a separable complete subring oj the ring oj all continuous 
bounded functions on rA'^x^ and let {a,})) e rca(n) x (H, cr; rca(^TCR*^^^)). 
Then (cr, ;/) e DM^(r2; R*^^^) if and only if all of the following conditions are 
satisfied: 

(i) ^ > 0; 

(ii) a G rca(r2), a{dx) :— Vx{^^'^^^) <j{dx), is absolutely continuous with re- 
spect to the Lebesgue measure; 

(iii) for a. a. x G fi, 

t,MxN\ ^ n „„J J _ f Vx{ds) \ fnMxN\ 



:),(R''-^x^^)>0, and d^ix)^[ fvf^ z>.(R*'"^^); 

VJrmxjv 1 -I- \s\'^J 
(iv) for G-a.a. a; G fl, t>x > and Vx{fiT^'B}'^'^'^) = 1. 

Remark 2.4. Proposition [53] (ii) implies that for cr^-a.e. x e fj, !>x(R*^'*^) ~ 0. In 
particular, i>j;(R*^^^) = for cr-a.e. x G dil (provided that \dil\ = 0), whence 

{Ox,vo) — {C'xtVo)^ for cr-a.e. x G dil and every vo G TZ. 

Moreover, as a consequence of (ii) and (iii), the density of the absolutely continuous 
part of cr with respect to the Lebesgue measure is given by 

(2.3) d4.) = ( I " 

V^MMxiv 1 + \s\ 

2.3. Quasiconvexity and p-quasi-subcritical grov^rth from belovir. Two no- 
tions related to the weak lower semicontinuity of integrals functionals on ly^'P play 
an important role in our main result. The first one is the well-known quasiconvexity 
of MORREY [23 : 
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Definition 2.5 (quasiconvexity and quasiconvex envelope, e.g. see [6]). We say 
that a function / : JJ^^^^ — > M is quasiconvex if for some bounded regular domain 
A C M^, the integrals below are defined and 



f{s + \7^{y))dy> / fis)dy 
I A J A 

for every s G ^mxn ^^^^ every ip G Wg^'°°(A;R^^). The quasiconvex envelope Qf 
of f is defined as the largest quasiconvex function below /, i.e., for s G M*^^^, 

Qf{s) sup {g(s) | g : R^^^^ ^ M is quasiconvex and g < / } , 

with Qf = — cxD if there is no admissible g. 

If / is locally bounded, its quasiconvex envelope can be represented as 



(2.4) Qf{s) = inf ^ ^ / f{s + V^(j/)) dy 



|A| 



A 



see [5]. 

The following p-quasi-suhcritical growth condition from below, related to weak 
lower semicontinuity along purely concentrating sequences, first appeared in |18j 
(although the term p-qscb was not used for it there). Its relevance comes from 
the fact that integral functionals of the form u ^ J^-^ f{x,'Vu{x)) dx (assuming 
a p-growth condition and some smoothness) are wise in W^'^ if and only if the 
integrand is quasiconvex and p-qscb, by the main result of |18j . 

Definition 2.6 (p-iqscb, z^-p-bqscb, p-qscb at x, p-qscb). Let p e [1,cxd), and 
/ : jj-M^x^ — > M be continuous. We say that / is p-inner quasi- suhcritical from 
below [p-iqscb) if 

for every e > 0, there exists > such that 



I f{V(p) dx>~e[ \VLpf dx - C, for every Lp e W^ ^iBi 

JBi JBi 



Given a unit vector u G M^, we say that / is v-p-boundary quasi- subcritical from 
below (v-p-bqscb) if 

for every e > 0, there exists > such that 



/ f{V(p) dx>^ef \V(pf dx - C, for every ip € W(}'P(Bi; R*=^) 
Jd,, Jd„ 



Here, Bi = Bi{0) is the open unit ball in R^ and Di^ {a; £ Bi \ x ■ ly < 0}. 
Moreover, given an open, bounded set fl C R^ with boundary of class C^, we say 
that / is called p- quasi- subcritical from below at xq & fl [p-qscb at xq), if, in case 
xq €0., f is p-iqscb, and, in case xq G dO,, f is j'(a;o)-p-bqscb, where v{xa) denotes 
the outer normal to at xq. Finally, we say that / is p- quasi- subcritical from 
below [p-qscb) if / is p-iqscb and i^-p-bqscb for every v G S^^^ . 

Remark 2.7. Quasiconvex functions are automatically p-iqscb. However, there exist 
functions that are p-qscb, but whose quasiconvex envelope is not. Take, for instance, 

/:R2><2_^R, /(s) := max{det(.s), -|s|^}. 

In this case, / is 2-qscb, while Qf = det (which is not 2-qscb, see [18]): 

3 

/ is 2-qscb: The trivial estimate /(s) > — |s|^ implies that for every e > 0, there 
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exists Ce > such that 

f{s) > -e \sf - Ce, for every s G R^''^. 
In particular, / is 2-qscb. 

Qf ^ det: Since /(s) > det(s), and the determinant is quasiconvex, we have that 
Qf{s) > det(s) for every s e E^''^ 

Qf ^ det: Let s — (si|s2) G K.^^^, with si and S2 denoting the first and second 
column of s, respectively. If det(s) > 0, f{s) — det(s) and thus Qf{s) < det(s). In 
particular, Qf{0\s2) < det(0|s2) for arbitrary S2 G M^''^ If det(s) < 0, f{hsi\s2) = 

_3 

det{hsi\s2) whenever h > is large enough, since det{hsi\s2) \{hsi\s2)\ ^ — 
0{h~^) — i> as /i — J> oo. Thus, Qf{hsi\s2) < det{hsi\s2) both if /i = and if 
h is large. Moreover, quasiconvexity implies rank-l-convexity, whence Qf is convex 
along the line h i— )■ {hsi\s2)- Since the determinant is affine along this line, we infer 
that Qf{hsi\s2) < det{hsi\s2) for every h e [0, cxo), and for h = 1, this yields that 
g/(s) < det(s). 

3. Results 

Our main result characterizes DiPerna-Majda measures generated by gradients: 

Theorem 3.1. Assume that plT|) -(llI3 l) hold, and let (cr, j>) e DM^(f7; M^^^^). 
Then {(7,0) S GDM^(f2; R"'^^^^) if and only if the following four conditions are 
satisfied simultaneously: 

(i) There exists u € W^'P{n;R^') such that for a.e. x eQ, 



Vu{x)^da{x)l ^^{ds); 

J PtzRMxN 1 + \S\ 

ill) With u from (i), for a.e. x dVl and every v € T^(R^^^"'^) 
Qv{Vu{x)) < d^{x) / I .p Vxids); 



/^tcRMxn 1 + \s\ 

(iii) For a-a.e. a; G 51 and every v G T^(R-'^^^^) such that Qv > —oo, 

J^KRMxwyRMxN 1 + \S\ 

(iv) For a-a.e. x £ dVl and every v £ T^(R"'*^^^) which is p-qscb at x, 

J;3KKAfx«\RMxJV i+|S| 

Here, d^ denotes the density of the absolutely continuous part of a with respect to 
the Lebesgue measure, which is explicitly given by ()2.3p . 



The proof is the content of Section |6] and Section [71 

The above theorem can be used to prove the following relaxation result similar 
to Th. 9.1, 9.8]. 

Theorem 3.2. Assume that pIT|) ~(|lI3 l) hold, let kg e C{n x /^tjR^^^^), let 
h{x,s) := hQ{x,s)(l + |s|p) and assume that h{x, ■) is p-qscb at x for all x G d^. 
For u G iyi'P(f7;E*0 we define 

H{u) := / h{x,'Vu) dx and QH{u) / Qh{x,\7u) dx, 
Jn Jn 
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with the quasiconvex envelope Qh{x, ■) of h{x, ■). Then the following holds: 

(i) Ifun^u VFi'P(O;]R*0; then 

lim ini H{un) dx > QH{u). 

n— >-C30 

(ii) For every e > and for every u £ W^'P{ft;M.^^), there exists a sequence 
{un) Cu + Wo'P{n;R^'^) such that u„ ^ u in W^'P{fl;R^'^), 

f \ Qh{x,Vu)dx + e if\E\=0, 

lim / h(x, Vm„) dx < { Jn 



if \E\ > 0, 



where E := {x G D, \ Qh{x, ■) = — cx) }. 

The proof is given in Section [51 
Remark 3.3. 



(i) Theorem [3^ implies that inf i7 = iniQH on W^'P{n; 

(ii) By Theorem 13.21 (ii) , QH is an upper bound for the sequentially weakly 
lower semicontinuous (swlsc) envelope of H in W^''''{il;M.^^). Hence, if we 
assume that QH is swlsc, then QH is the swlsc envelope of H. However, 
it may happen that QH is not swlsc. Of course, Qh is always quasiconvex, 
but even if it is a fairly regular finite- valued function, it can fail to be p-qscb 
as illustrated in Remark 12.71 

(iii) In Theorem 13.21 (ii). it is not always possible to obtain an "exact" recovery 
sequence, corresponding to e = 0. However, this phenomenon can only 
occur if we do not have p-coercivity, cf. 6, Ex. 9.3 and Th. 9.8]. 

(iv) If h{x, •) is not p-qscb at some point xq £ il, then the swlsc envelope of H in 
W^'P{n; R^^) is identically -oo. More precisely, for every u G W^'^in; R^^) 
and every K G N, there exists a bounded sequence (u„) C W^'P{^1;M.'^^) 
such that the support of w„ — m in shrinks to xq (in particular, it„ ^ u) 
and lim„_>oo Hiun) < —K. This can be seen following the proof of [TSl 



Proposition 3.8 



4. Auxiliary results for concentrating sequences and p-QSCB 

FUNCTIONS 

A key problem for us is the treatment of non-affine parts of the boundary. Of 
course, we can use local maps to transform a neighborhood of a boundary point 
into a situation with locally affine boundary. However, in expressions involving 
nonlinear integrands v (or /, as in the definition of p-qscb) and non-compact sets 
of test functions or sequences with concentrations, this introduces an error that 
(as far as we understand) cannot be controlled without suitable uniform continuity 
properties of v. In |18j . a p-Lipschitz condition was used for this purpose, but here, 
we rely on the more general property ()4.2|) related to our assumption (|2.1|) in (jH3P 
as follows: 



One has to change the dilation constant an employed there by a fixed factor, to obtain 
Vunllj^p = "T" + 5 instead of ||Vtt„||^p = 1 (with our K and e from the context in |18|). 
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Lemma 4.1. Let 1 < p < oo, let vq : M*^^^ — > M 6e continuous and bounded, and 
let v{s) vo{s){l + jsH for s e R'^'""^ . Then holds if and only if 

there exists /3 : [0, oo) — > [0, oo) continuous with (3(0) — such that 

(4.1) Hs) - v{t)\ < /?( Ji^l^) (1 + |.|^ + \tn 

for every s e M*^^^ and every Q G M^''^. 

Moreover, if A C M.^ is measurable with < |A| < oo, then ()4.ip is equivalent to 
the following uniform continuity of the Nemytskii operator U ^ v o U , ^ , 
on bounded subsets o/ LP(A; M*^^^).■ 
^/lere exists 7 : [0, oo) — )• [0, oo) continuous with 7(0) = such that 

(4.2) \\voU~vo W\\^, < 7( \\U ~ W\\^, ) (1 + \\U\\l, + \\W\\l,), 
with all norms taken over A, for every U,W £ L^[A;R^^^^). 

Remark 4.2. For instance, both (|2.ip and (14.21) hold if either v is p-Lipschitz or 

lim|s|^oo vq{s) = 0.^ 

Proof of Lemma \4-l[ 

([2?T|) implies ([4T|) : Given (|2?T|) . we have that 



\vis)~v{t)\ 

<\vo{s)-voit)\il + \sn + \voit)\\\t\''- 



< a 



for some constant C, whence (j4.ip holds with /3{5) := a{6) + CS. 
(|ITT|) implies (P?T|) : Given (H^ . we have that 

|z;o(s)-«o(sg)|(l + |s|^) 

< \v{s) - v{sQ)\ + \voisQ)\ I |sQ|P - |s|^ | 

<i3{\i~Qm + \sn+c\i-Q\{i + \sn 

for some constant C, whence (j2.ip holds with a(t) := /3(t) + Ct. 
(j4.2p implies ()4.ip : Since u is uniformly continuous on bounded sets, it suffices 
to show (|4.ip for 1 + |s| + \t\ > |App. Let As,t C A be a subset of measure 
\As,t\ = (i+\sl+\t\)p ■ choosing [/(x) := sxA,,t(a;) and VF(x) := sQxA,,t(a;), 
yields that 

|A,,t| \v{s) - v{t)\ < 7( \As,t\' \s-t\){l + |A,,t| Isl^- + |A,,t| |t|f), 

and since jA^tp^ = (1 + \s\ + < 3^(1 + \sf + \tf), this implies gl]) with 
/3:- (3P + 1)7. 

(liJ]) implies g^]): Let C/, G LP(A;M*^^^), let 



Ai := <^ .T e A 



l + \U{x)\ + \W{x)\ ^ " ^Wlham-'x-) 
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and let A2 := A\Ai. W.l.o.g., we may assume that (5 is nondecreasing. By applying 
()4.1|) under the integral, we thus get that 

\v{U{x)) -v{W{x))\ dx 



<;3(1) / {l + \U{x)\ + \W{x)\Ydx 

</3(l)|iC/-Ty||f,(^^„,,,„), 

since {l + \U{x)\ + \W{x)\)P < \\U ~ M^H^I^^.^MxiV) Pix) - Wix)]'" for every x e Ai. 
In addition, (I4.ip and the definition of A2 immediately yield that 



< 



\v{U{x)) -v{W{x))\ dx 

2 

/3(iic/-M^iii(A;„..><«)) / {i+\uix)r+\w{x)ndx. 



'A2 

Combining, we obtain g3) with 7(^) := /3((5^) +/3(l)ji. □ 

We now recall some results of |18) on weak lower semicontinuity along purely con- 
centrating sequences: 

Theorem 4.3. Let n C be open and bounded with boundary of class C , 
let 1 < p < 00, let if e C{Ti) with ip > on U, let u e ^^^'^(17; M*^) and let 
V e T^(R*^^^) satisfy l|4.2p . If v is p-qscb at every a; S with ip{x) > 0, then 

liminf / v{Vwn{x) + 'Vu{x))(p{x) dx > / v{'Vu(x))(p{x) dx 
Jfi Jn 

for every sequence (w„) C W^'P{il;M.^') which is bounded in W^'^ and satisfies 
|{u;„^0}U{Vm„ 7^011^0. 

Proof. Step 1 : m = 0. 

If u = and v satisfies a p-Lipschitz condition, the assertion immediately follows 

from Theorem 3.5 and Proposition 3.7 in [18 . A closer look at the proofs of these 

results reveals that the p-Lipschitz condition is only used to show that v : 

is uniformly continuous on bounded sets (cf. Proposition 2.4 in |18|). which we 

assumed in the form of (|4.2p . (In fact, in |I8], the uniform continuity is exclusively 

used for arguments in the spirit of step 2 below.) 

Step 2: The general case. 

Clearly, z„ := X{Vto„#o}VM ^ in LP(rj; R^'^^^), and 



v{Vwn{x) + \7u{x))(p{x) dx ~ / v{\7u{x))(p{x) dx 

Jn 

v{\/Wn{x) + Zn{x))(p{x) dx ~ v{Zn{x))(p{x) dx 



for every n. Hence, the general case reduces to the case for m = as a consequence 
of (H^. □ 
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Proposition 4.4. Let ncR^ be open and bounded with boundary of class , let 
I < p < oo, let V e T^(M*^''^) satisfy g21), letxeTi and define E := Bi(0) if 
i e r2 and E := if x & dfl, where v = i'{x) is the outer normal to dQ at x and 
■.^{y€B,{0)\yu<0}. If 

liminf / v{Vwn{y))dy> / v{0)dy, 
Je Je 

for every bounded sequence (w„) C W^'P{Bi;M.'^'^) such that Wn — > m and 
{wn 0} U {S7wn 0} C B±{0) for every n, then v is p-qscb at x. 

Proof. If V satisfies a p-Lipscliitz condition, the assertion follows from Proposition 
3.8 in [18^ applied with ft := E = E{x) and xq := 0. Moreover, as remarked before, 
the p-Lipschitz condition can be replaced by (I4.2p . □ 

A closer look at the dependence of the definition of p-qscb at a point x G dVL on 
the outer normal v{x) to dO, at this point reveals the following: 

Lemma 4.5. Let \ < p < oo, let f : K^^x^ — > M 6e continuous, and let vi,V2 G 
S^^^. //i?2i G R^^^ is an orthogonal matrix such that = R21V1, then 

s /(s) is vi-p-hqsch if and only if s ^ f{sR2i) is h'2-p-bqscb. 

Proof. Let (^1 G Wq'^{Bi;R'^^). Using the notation of Definit ion 12. 6[ we have that 

/ f{^ipi)dx>-e I \V^i\^dx-Ce 
if and only if for (^2 e wJ'P(Bi;M*0, V2{y) Vi{R2iV), 

f /((V^2)i?2i)rfy > / |V(^2rdy-Ce, 

by the change of variables given hy y — R21X. Here, note that D^^ = R2iD^-^, 
|deti?2i| = 1 and |(V</J2)i?2i| = \'^^2\- □ 

Proposition 4.6. Let 1 < p < 00, assume that (IH3P holds, and let v G S^~^. 
Then 

Gv '■— {vq ^TZ \ v is v-p-hqsch, where v{s) :— vq{s){1 + \sf) } . 

is the closure of its interior in TZ (with respect to the trace topology ofL°°{M.^^^^)). 
In particular, ifTZo is a dense subset ofTZ, then TZq H Gi, is dense in G^. 

Proof. For every 6 > and vq G G, (S + wo(-) is an interior point of G (relative to 

n). □ 



5. Separating boundary and interior 

By means of a result of [TH|, any bounded sequence in W^'^ (up to a subsequence) 
can be split into a sum of two parts, the first "purely concentrating" at the boundary 
of the domain, while the second part does not charge the boundary in the sense 
made precise below. This splitting has an analogon for DiPerna-Majda measures, 
decomposing (cr, j>) G DM^(ri; R^^^^) into two parts (erf,, Ub) and (a^, Vi) associated 
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to the boundary and the interior of fl, respectively, as fohows: 



(Tbidx) 

(Ti(dx) 

h.xids) 



Xdn{x)a{dx) + dx, 
Xdn{x)vx{ds) + xn(a;)(5o(ds), 
Xn{x)cT{dx), 
Xn{x)vx{ds), 



where 5o denotes the Dirac mass at £ fi-jiM}^'^^ . Assuming that \dVl\ = 0, we 
have in particular that 

j_if{x){i'x.,VQ) a{dx) 

(5.2) 

= / ip{x){h,x,vo) ab{dx) + I ip{x){v^^x,vo) a^{dx) 

for every ip S C{Vl) and every S TZ. 

The decomposition (|5.ip does not affect the properties we are interested in: 



Proposition 5.1. Let VL <Z MJ^ he open and bounded with boundary of class C , 
let! <p<oo and let (cr, i>) e DM^(f]; R^^><^). Then (ab^h) e DM^(f7; M*^^^) 
and ia^,h) e DM^(f]; R*^^^). Moreover, the following assertions hold: 

(a) {a,v) e GDM^(17;]R^^^^) if and only if 

both {ab,Vb) G GDM^(f];R*^><^) and (cr,,t>,) G GDM^(r2; R*^><^). 

(b) // (cr,i>) e GDM^(f];R*^^^), i/ien t/iere exists u £ W^^P{n;M.^'^) and 
bounded sequences {ub.n), {ui,n) C TVi'P(n;R^-^) such that 

s 

TTR 



Vu{x) d^, (a:) / , I IP h,xids), 



Ub,n and Ui^n ~^ u weakly in W^'^{n;R^^), 
{ub,n ^ 0} C (ar2)i and 7^ u} C f7 \ {dn)i., 
(Vub^n) generates {<Tb,Vb), C^Ui.n) generates {ai,t>i) 
and (Viifc^n + Vui^n) generates (cr, 

(c) (cr, ;/) satisfies (i)-(iii) in Theorem \S.l\ if and only if 
[oi^Vi) satisfies (i)-(iii). 

(d) (cr, i>) satisfies (iv) in Theorem \3.1\ if and only if 
{crb,i'b) satisfies (iv). 

The proof is given at the end of this section. Proposition IS . 1 1 allows us to focus on 
the discussion of the boundary in the proof of our main result, because the results 
of [13) can be applied to {ai,Vi) in a straightforward way. 

For the proof of (a), we first recall some results of 18 involving the following 
notion: 

Definition 5.2. Given a sequence (w„) C Vl^^^P(ri; R*^) and a closed set C il, 
we say that u„ does not charge K (in W^'^), if 



sup / [\Un\^ +\'^Unf')dx > 0. 

Here, {K)s := IJi-eK Bs{x) denotes the open ^-neighborhood of K in 
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Lemma 5.3 (local decomposition in W^'P, cf. Lemma 2.6 in [18 ). Let il C 

be open and bounded, let 1 < p < oo and let Kj C fi, j — 1,..., J, be a finite 
family of compact sets such that fl C IJ^ Kj . Then for every bounded sequence 
(un) C W^'P{fl;M.^^) with Un in L^, there exists a subsequence Ufc(„) which can 
be decomposed as 

Uk{n) = f^l,n + . . . + Mj,n, 

where for each j G {1, . . . , J}, (uj,n)n is a bounded sequence in W^''P{il;'E.^) con- 
verqing to zero in such that the following three conditions hold: 

(i) {uj^n ^ 0} C {un ^ 0}, {Vuj^n ^ 0} C {Vw„ ^ 0} (possibly ignoring a set 
of measure zero) and {wj,„ 7^ 0} C {Kj)i. \ Ui<j-^j fof every j, n, 

(ii) Uj^n does not charge lJi<j^i W^'^ for each j. 

(iii) On the "transition layer" 

Tn {x G 17 I Uj^n{x) 7^ for at least two different j } , 
we have that 

j (|uj.„|^ + |Vwj.„r)dx ^ 0, forj = l,...,J. 

Here, {Kj)i_ denotes the open — -neighborhood of Kj in as before. 

For our purposes here, the case J — 2, Ki = dil and K2 — il in Lemma 15.31 
suffices. 

Proof of Lemma \5.3i See Lemma 2.6 in [TS]. Condition (iii) is not stated in 
|18) . but it is an immediate consequence of the proof provided there. □ 

Because of (iii), the component sequences above essentially do not interact, and we 
are able to split nonlinear expressions as well, cf. Proposition 2.7 in [T8] : 

Proposition 5.4. Let f7 C be open and bounded and let 1 < p < 00. In addi- 
tion, assume that f : R^^^^ — > R zs continuous and satisfies a p-growth condition 
(i.e., s^ {1 + Isfy^fis) is bounded). Then for every U G 2.^(^2; R*^^^), 

J 

/(Vu„ + U)- f{U) - V (/(Vu,. „ + U)- f{U)) Q m L\n), 

for any decomposition u„ = Uj_„ into a finite sum of bounded sequences in 
l^i'P(17;M*0 such that Lemma\tM (lii) holds. 

Proof. Observe that since u„ — Uj,n, the definition of the set T„ in condition 
(iii) of Lemma 15.31 yields that 

J 

fiVun + U)~ f{U) - (/(V%,„ + U)- f{U)) - a.e. on n \ T„. 

Hence, it suffices to show that f{xT„'^Un + U) ^ f[U) and /(xt„Vuj,„ + U) ^ 
f{U) in L^{fl), for j — 1, . . . , J. This is a consequence of (iii), since our assumptions 
on / imply that V ^ f{V), LP(r2;R*^^^) -> L^{n), is continuous. □ 

Proof of Proposition 15. Jl Using Proposition l2.31 it is not difficult to check that 
(crt, h), {(Ji, k) e DM^(0; M^-f ^^), and both (c) and (d) readily follow from ^J^. 
It remains to show (a) and (b). 
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(a) "only if": Suppose that (cr, is generated by (Vm„), for a bounded 
sequence (u„) C M^^'P(ri; R*^) such that u„ ^ u weakly in W^'^ for some 
u S W^'^(ri; K.*^). By the compact embedding of into L^, we also have 

that Un ^ u strongly in L'p . We decompose (up to a subsequence, not relabeled) 

according to Lemma 15.31 applied with J — 2^ Ki := dfl and K2 fl- Let 
{(7i,£'i) and (cr2,^'2) denote the DiPerna-Majda measures generated by (Vwi^n) 
and (Vu2,n + Vu), respectively (up to a subsequence). By construction, ^ 
0} U {Viii^n ^ 0} C {dn)± for every n, and (Vu2,n) does not charge 9f2 in L^. 
This implies that 

(5.3) (7i{dx) — dx on fJ, I'l.a; = (Jq for a.e. x £ and cr2(5r2) = 0. 
Moreover, X{Vtii „^o}'^u — > in i^, whence 

(5.4) \v{\7ui,n + Vm) - v(yu)] ~ [w(Vwi „) - w(0)] — ^ in L^(Sl) 

for every v 6 T^(R*^^^), due to the uniform continuity of the Nemytskii operator 
associated to v on bounded subsets of LP ^ cf (|4.2p . Proposition 15.41 applied with 
f = V and J7 = Vu additionally yields that 

(5.5) w(Vu„) - ru(Vui,„ + Vu) - w(Vu)] - d(Vw2,„ + Vu) — s- in i^(fi). 
Combining (j5.3p - (|5.5p . we infer that 



ip{x){C'a;,VQ) a{dx) 

if{x){vi^^,VQ) ai{dx) - I v{0)dx+ l_(p{x){i>2.x,vo) cr2{dx) 



(p{x){i'i^a;,Vo) cri{dx) + / tp{x){i'2,x , Vf)) a2{dx) 
arz Jn 

for every 93 G C(r2) and every wq € TZ, where w(s) := wo(s)(l + |s|''). By comparison 
with dSIl]), we get that (<T6,j>fc) = (cti,z>i) G GDM^(r2; R*^^^) and (cr„i>,) = 
(^T2,i>2) e GDM^(l];R*fx^) as claimed. 

(a) "if": Suppose that {<Tb,Ob) is generated by (Vwh^n) and {ai,i>i) is gener- 
ated by (Vw,;^„), for some bounded sequences (w6,„)„, (u'i^„)„ C W^-^'P(r2; R*^). In 
particular, 

tf{x) \SIwb,n{x)f dx ^ I I ^ , \ \P h,x{ds)ab{dx) = 

o Jn J/3tcRMx« -L + |s| 

for every cp E Co{^), whence S/wt^n ^ in L^q^(J7; R*^^^). Passing to a subse- 
quence and adding a suitable constant to Wb,n (if necessary; this does not change 
the gradient which is the only thing that matters for us), we also may assume that 
Wb.n ~> in by compact embedding. In addition, 

ip{x)Vwi^n{x) dx ^ _ -—^T-fp'>i,x{ds)ai{dx), 

n Jn J/SkRa^x" -L + \s\ 

whence (up to a subsequence) 

weakly in W^'P{n; R^'^), where Vu{x) = d„^ {x) [ ^ \x{ds). 



W. 
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A natural choice for a generating sequence of (cr, is (Vm„) with u„ — Wb,n +Wi, 
however, this only works well if the interaction of the two component sequences, 
which in principle could occur on the set {wb^n 7^ 0} fl {wi^n 7^ u}, is negligible. We 
thus first modify Wb.n and Wi^n, in such a way that this set becomes empty. 

For this purpose, choose two sequences {fn), (Vn) C Cc (^5 [Oj 1]) such that ipn — 
1 on ri \ {dfl)i, rjn = on {dU,)i_ and ?7„ = 1 on \ {dVl)^ for every n. For every 

fixed n, we have that ipnWb.k ^ in W^'^ and (V(l — r/„)) ® {wi^k — u) ^ in 
as fc — i> 00. Due to the latter, we also obtain that 

\im I V((l - i-jn){wi.k - u)) 1^ dx 

= lim / |1 — 77,1 1^ I Vi«i fc — Vu|^ da: 
^^'^ Jn 

< lim 2P / |l-r/„|P(l + |Vu),fe|^)dx + 2P / |1 - r/„|P | Vw|^ 
fc^oo Jo Jn 

= 2^ / |l-,7„(x)|P^>,,,(/3,^K^'^^^)a,(dx) + 2f / |1 - ry^/lVu^ dx, 
Jn Jn 

whence 



lim lim / I V((l - rin){w,.k - u)) T dx < 2Pa^{^n) = 

by dominated convergence. As a consequence, there exists a subsequence k{n) of n 
such that as n — > 00, 

(5.6) (y9„Wb^fc(„) ^ in VF^'^ and (1 - r/„)(wi^fe(„) - u) in M^^'^ 

We define 

Ufc,n (1 - V'n) • Wb,fe(n) and Ui^n := 77„ • (Wj,fc(„) - u) + u. 

Note that by (|5.6p and (|4.2p . (VMb,„) and (Vui,„) still generate (crfc, and ((7^, j>i), 
respectively. Moreover, for 

the decomposition Un —u ~ Ub^n + — is admissible in Proposition [5]3] (note 
that {ub^n 7^ 0} n {ui n — M 7^ 0} = by construction), and arguing as in the proof 
of (i) "only if" , we obtain that 

lim / ip{x)v{\Jun{x)) dx = I Lp{x){vb.x,Vo) ab{dx) + I (p{x)(i)i^x,Vo) ai{dx), 
"^°°Jn Jdn Jn 

for every (p G C(f7) and every vq G TZ, with v{s) :— vo{s){l + \sf). In view of (|5.2p . 
this means that (Vu„) generates (cr, v). 

(b): The function u and the sequences (u6,n) and (ui^n) obtained in the previous 
step have all the asserted properties. □ 

6. Necessary conditions 

We now prove that each {a,iy) e GDM^(f];R*^^^) satisfies the conditions (i)- 
(iv) of Theorem l3.ll The conditions in the interior of follow from the associated 
result of [13]: 

Theorem 6.1 (cf. Theorem 2.8 in [T3]). Assume that pIT1) - pI3|l hold, and let 
(cr, ;>) G GDM^(f2; K*'^^^) be generated by (Vu„) such that Un ^ u weakly in 
W^-^iVt-R"''). Then (cr, i>) satisfies (i)-(iii) in Theorem[3lM 
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Remark 6.2. In fact, Theorem 2.8 in [13] uses weaker assumptions: it suffices to 
have that \dft\ = instead of a boundary of class C^, and ()2.ip is not needed there. 



It remains to show (iv): 
Proposition 6.3. Assume that (jHl|) - (jII3P hold, and let {(J,i>) 



GDM^(rj;R^^^^). Then {<T,i)) satisfies (iv) in Theorem[3Jl i.e., 



(6.1) (-.,T#^^ - / l^^'^^ids) > 



1+ s 

for a-a.e. xq G dfl and every v G T^{M.^'^^^) which is p-qscb at xq. 

Proof. In view of (|5.ip . it suffices to show that {(Jb,Vb) satisfies (|6.ip . By Propo- 
sition O we have that (cr&,i'&) G GDM^(^I; M^^^). Let a;o G dO., let v G 
T^(M^^'<^) be p-qscb at xq, and let (w„) C W^'P{Q,;R^) be a bounded sequence 
such that {un ^ 0} C {dil)i. and(VM„) generates ((Tb,iJb). In particular, u„ 
weakly in M/i'P(f];R*f). Forfixede > 0, due to (02]), We(-) w(-)-w(0)-He(l + |f') 
is even p-qscb at every x G We fl n for a neighborhood lA^ of a;o in M^. If 93 G C(0), 
> and {1^ 0} C W^, Theorem vields that 

0< lim / 'f{x)v^{\Iun{x))dx 



71— ^00 



(6.2) = j_^{x) (^h,x, Y^J^ ) '^b{dx) 



do. 



vJ-) 

^p{x) { i'b,x, ^ ^ I IP ) ab{dx). 



The last equality in ()6.2p holds because i);,^^: = (5o for CTb-a.e. x G fi, ^^(O) — 
and i>b,a;(K^^'^^) = for CTb-a.e. x G dVl by Remark 12.41 Since tp is arbitrary with 
non- negative values on any compactly contained in lAe, (|6.2p implies that 

0< / _ ( i^b.a:, -^tttp ) crfc(da;) 

by dominated convergence. As a consequence, we have that 

(6-3) -e<——^—=-( _ (h,x, ^^.L ) f^6(da;) 

as long as iTb(9ri n V^) > 0. In the limit e — )• 0+, we infer that 



(6.4) 0<^%,„,- 

provided that xq is a CTb-Lebesque point of the right hand side of (|6.4I) . i.e., for 
dil — )■ M, a; I— ;> {vb,xiVo) with := ■'^(■)(1 + I'D""'^- Now choose a countable 
subset TZq which is dense in TZ. There exists a set Z C dO, such that ab{Z) — and 
for every vq G TZq, dH, \ Z is a subset of the db-Lebesgue points of x {iyb,x, "^o)^- 
In particular, (|6.4p holds for every xq G dn\Z and every v G T^(]R*^^^) such that 
V is p-qscb at x and i;(-)(l -I- H'')^^ G TZq. By density, also using Proposition 14. 6| 
this implies the assertion. □ 
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7. Sufficient conditions 

By Proposition EH e GDM^, (f]; R*^^^) provided that {ab,i)b) e 

GDM^(f7;M*^^^) and {ai,i)i) e GDM^(f7; M*^^^). For this reason, the interior 
part and the boundary part can be studied separately. 
7.1. Sufficient conditions in the interior. 

As in the case of necessary conditions, we rely on a corresponding result of [13j . 
which, besides the conditions we stated as (i)-(iii) in Theorem 13.11 also uses the 
following condition for (cr, j>) g DM^(ri; R*^^^) on the boundary, which is slightly 
stronger than (iv): 

v{-) \ f v{s) 



(7.1) \ -L + rl /oo J/3kk«x«\r«x« 1 + 

for o--a.e. x ^ dVt and every v G T^(R*'^''^) with Qv > -od. 

Theorem 7.1 (cf. Theorem 2.7 in T^). Assume that ([HT]) - ((H3|) hold and let 
(cr,i>) e DM^(1];R^'^><^). r/ien 

there exists a bounded sequence (u„) C with fixed boundary 

value^such that (Vu„) generates (cr, v) 
if and only if 

(i)-(iii) in Theorem \3. 1\ and (j7.ip hold. 

Remark 7.2. For Theorem 2.7 in [13 , it suffices to have a bounded domain with the 
extension property in W^'^ (instead of C^-boundary), and our assumption (12.11) is 
not needed in [13^, either. 

In particular, Theorem 17.11 tells us in which cases the interior part {ai,i>i) of 
(a, i>), as defined in (j5.ip . is generated by gradients: 

Corollary 7.3. Assume that plT |l - ((H3|) hold. //(cr,i>) e DM^(f]; R*^^^) satisfies 
(i)-(iii) in Theorem\^ then (auDi) € GDM^(fl; M^^^). 

Proof. By Proposition 15. 1[ {(Ji^Vi) satisfies (i)-(iii), and (|7.ip trivially holds for 
{(Ji^Vi) since ai{d^) = 0. Theorem 1 7 . 1 1 thus yields the assertion. □ 
7.2. Sufficient conditions at the boundary. 
Recall that condition (iv) in Theorem 13.11 states that 



(7.2) \ ^ + V\ / oo JfeRJ^fx^VRJ^fxiv 1 + |s| 

for tr-a.e. x G dVl and every v G T^(R*^^^) which is p-qscb at x. 

Below, the set of all DiPerna-Majda measures with this property ("boundary gra- 
dient DiPerna-Majda measures" ) is denoted by 

BGDM^(fl;R*^^^) { (a, j>) G DM^(f]; R*^^^) | (a, i>) satisfies . 

In two steps, we now prove for each (cr, i>) G BGDM^(ri; R*^^^), its boundary 
part (ffb, Oiy) as defined in (jS.ip is generated by a sequence of gradients, throughout 
assuming that (|HT|)-(1H3| hold. 



Theorem 7.4. Let {a,i)) G DM^(f]; R*^^^) and suppose that (cr, j>) G 
BGDM^(r2;R*=f^^), i.e., {a,i)) satisfies (iv) m Theorem[EJi Then {ab,i>b) e 
GDM^(r!;M*^x^). 



on dQ in the sense of trace for every n,m £ 
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Step 1: Measures supported on a single point on the boundary. 

If a charges a single boundary point, i.e., a[d^ \ {a;}) = for some x G dft, it 
suffices to study (t{{x})i>x instead of {a, v) on dVt. Moreover, only the behavior on 
/3^MAfxAry]^MxAr j^atters since <7({x})vJ{mJ'''^^) = by Remark[2ll For x G dO., 
we define two sets of measures of this kind: 

MxJV^ A > 0, m^''^'') = and (A, v^) ^ > 



<fie rca(/3KK 



for every v E T^(M*^^^) which is p-qscb at x 



where vq := as usual. The second set H^, defined below, consists of measures 

generated by certain "purely concentrating" sequences: 

Definition 7.5. Let x e Ti. We say that S = 4,(v«„) £ rca(/37jM^'^^^) is a 
gradient point concentration measure at x if there exists a bounded sequence C 
W^'P{fl;R^^) such that the following two properties hold: 

(a) {un 7^ 0} C Br^{x) for some sequence r„ — ?■ 0+, and 

(b) for every v £ T^(M^^^^), the limit below exists and satisfies 

((5,vo)= / VQ{s)5{ds)^ lim / v(Vu„(y))dy- |n|v(0), 

where vq := Y^ppjp • 
In this case, we say that 6 is generated by (Vm„). 
For X G dfl we now set 
Hx := |(5 G rca(/3KM*^^^) 5 is a gradient point concentration measure at x| . 

In the present context, the desired sufficient condition amounts to proving that 
Ax C Hx- The proof is carried out in a series of propositions, the first of which 
provides an equivalent formulation of Definition 17.51 which is technically more con- 
venient for us. 

Proposition 7.6. Let x G dVl, let D = D{x) := {y € Bi{0) \ y ■ v{x) < 0}, where 
v{x) is the outer normal to dfl at x E dil and let S G rca(/37jR*^^^). Then S is 
a gradient point concentration measure at x if and only if if there exists a bounded 
sequence ({t„) C W^^'^(Z); R*^) with the following two properties: 

(a) {un ^ 0} C Br^{0) for some sequence rn — > 0"*", and 

(b) for every v G T^(M"'^^^), the limit below exists and 

{S,Vo)= f vo{s)d{ds)^ lim [ v{Vu^{y))dy~\D\v{{)), 

where va := j-^pppr- 

Proof. Since dH. is of class C^, there exists a C^-diffeomorphism $ mapping a 
neighborhood V C Bi{0) of the origin onto a neighborhood U of x in M.^ such that 

$(0) = X, D$(o) = /, <s>{vnD) = unn, and $({y G V | yvix) = o}) = undn. If 

(un) C VF^^P(ri; R*^) is a bounded sequence with support shrinking to x such that 
(Vu„) generates S in the sense of Definition 17.51 (h). then 

M„(z) := u($(2:)), zeV, 
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defines a bounded sequence (un) C W^^P{D;R'^'^) with support shrinking to the 
origin. We claim that (V{t„) generates S in the sense of (b) above: For any v € 



T^(]R*^^^) and v := v(-) — v{0), a change of variables yields that 



i{Vun{z))dz^ / i{Vun{y)D^^-Hy))) |detD($"i)(y)| dy, 

and since D^{^^^{y)) — > / and D{^^^){y) — > / as y — > a; (recall that the support 
of Un shrinks to a: as n oo), (14. 2p implies that 

lim / w(Vu„(y)i?$($-i(y))) |detD($-i)(y)| dy^ lim / w(Vu„(y))) dy. 

As a consequence, we get that 

lim / v{Vuniz))dz~\D\v{0)^ lim / v{Vun{y))) dy - \n\v{0), 



and Definition 17.51 (b) implies (b) as stated in the assertion. Analogously, we can 
define (u„) starting from ({t„) without changing the measure that is generated by 
the respective gradients. □ 

Proposition 7.7. For every x S dSl, Hx is convex. 

Proof. Let Si and 62 be two point concentrations at x, and let A € (0, 1). By Propo- 
sition [7761 61 and S2, respectively, are generated by (Vu„) and (Vw„), where (u„) 
and (wn) are suitable bounded sequences in W^'P{D]R'^^) with support shrinking 
to the origin. With a fixed unit vector e tangential to dfl at x e dfl (perpendicular 
to v{x))^ we define 

(j„(y) := A^Wn^A^^y + r„e) + (1 - A)"^u;„((l - A)"^?/ - r„e), y e D. 

Note that two sunimands of g„ have disjoint support, and the support of qn is also 
shrinking to the origin as n — >■ cxd. For every v G T^(M*^^^) and v :~ v{-) — v{0), 
a change of variables yields that 

v{yqn{y))dy ^ \ I v{Vun{z))dz+{l- \) v{Vwn{z))dz 
Jd Jd 

for every n large enough so that the support of qn is contained in D. Thus, 

v{-) 

Id 



lim / v{\/qniy))dy -\D\v{0) ^ {X61 + {1 - \)62,vo), where vq := — 



whence \5i + (1 — A)(52 G Hx by Proposition 17.61 □ 
Proposition 7.8. For every x G dU,, Ax is contained in the weak* -closure of Hx- 

Proof. Let v G T^(M*^^^) and a G M, define vq G 7e, and suppose 

that (/i,wo) = (M;''^o}oo — '^'^'^ every fi G iJ^;. By the Hahn-Banach theorem and 
the fact that Hx is convex, it suffices to show that in this case, we also have that 
(tt, uo) — {^7^o)oo — ^ fo"^ every tt G Ax- We may assume w.l.o.g. that v{Q) — 
(replacing vq with vq{s) := vo{s) — vo{0) does not affect the assertion). As before, we 
rely on Proposition 17. 61 to work with sequences on D instead of in the definition 
of Hx- For any bounded sequence (u„) C W^'^ {Bi;'SJ^ ) with support shrinking 
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to the origin such that hni„^oo /q w(Vm„(?/)) dy exists for every w G T^( 
with w{0) — 0, we have that 

(7.3) a < hm / v{Vun{y)) dy. 

Jd 

If we fix one such sequence (un), then for each h > 0, the sequence {uh,n)n 



P (Tn>MxN\ 



Uh,n{y) := ^Un{hy), 



is admissible, too, whence 



(7.4) a< hm [ v{Wuh,n{y)) dy ^ hm / v{\7un{y))dy, 

for every /i > 0. In the hmit as /i — > oo, (|7.4p entails that a < 0. 

Next, we claim that v is p-qscb at x. By Proposition l4.4[ it suffices to check that 



0= / v{Q)dy< lim / z;(Vu„(y)) dy, 

for every sequence (m„) C Wq'^{Bi;M.^'^) with support shrinking to the origin such 
that the limit above exists. Suppose by contradiction that 



(7.5) 0>6:= lim / v{Vuniy))dy, 

for one such sequence (u„). Up to a subsequence, (not relabeled), (Vu„)„ generates 
a DiPerna-Majda measure, whence lim„^oo Jjj w(\7un{y)) dy exists for every w £ 
T^(R*^^^). Moreover, if we use this subsequence of u„ to define Um.,n as before, 
then for every fixed h > 0, the support is also shrinking to zero. Hence, Un and Uh.n 
are admissible in (|7.3p and (|7.4p . respectively, contradicting (|7.5p if /i is sufficiently 
small. 

In summary, we have shown that a < and that v is p-qscb, whence (tt, v) > 
> a for every tt G A^., by the definition of yl^;. □ 

To complete the proof of Theorem l7.4l in the present special case, we would have to 
show that Hx is weak*-closed. We skip this here as similar arguments are needed 
in the next step, anyway. 

Step 2: General measures on the boundary. 

Ultimately, we reduce the general case to the first step by approximating a general 
measure with a finite sum of measures, each of which only charges one point on the 
boundary. The construction of these is based on Lemma 14.51 which allows us to 
calculate a suitable average of a measure in a neighborhood of a point xq on the 
boundary while preserving (|7.2p : 



Proposition 7.9. Let 1 < p < oo, let fl C be open and bounded with boundary 
of class , let v(x) denote the outer normal to dfl for x G dfl, let (cr, i>) G 
DM^(f^;R^^><^) and let xq G dfl. Moreover, let {i?(x)}^ean C SO{N) be a family 
of rotation matrices such that x i-^ R(x) is continuous and bounded on a setlA C 
and for each x G d^, v{x) = R{x)v{xo). Given a measurable set E CU such that 
(j{E) > 0, we define fjxo — Vxo,E G rca(/37jR*'^^^) as the measure that satisfies 

Ms)flxo{ds) = ^— I {C'^,vo{-R~^))a{dx). 
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for every vq G 7^. If{cr,i)) G BGDM^(r2; R*^^ then 

(7.6) J l3TzM.MxN\f^MxN i + \S\ 

for every v G T^(R^'^^"'^) which is p-qscb at xq. 

Proof. For every v G T^(M^^^^) which is p-qscb at a;o: s v{sR^^) is p-qscb at 
X by Lemma [4.51 Hence, (j7.2l) implies (|7.6p by the definition of fj^ with vo{s) :— 

"(s) n 
i+lsl"- '-' 

Using this averaging procedure, we can weak*-approximate general measures in 

BGDM^(ri; R*^^^) by measures whose restriction to the boundary is supported 

on a finite number of points: 



Proposition 7.10. Let (cr, ;>) G BGDM^(^2; M^^^). Then for every n G N 



there exists a finite set J[n) C N and (0„,77„) G BGDM^(rj; R^^^) such that 



On\Q. = clo, f]n,x = for a-a.c. x G fi, 

On\dn ~ ^ a„j-(52;„ Jan, 
ieJ(n) 

with suitably chosen points Xnj G dfl and coefficients On.j > 0, j G J{n), where 
Sx^ , denotes the Dirac mass at Xn.j in Vl, and 

fix){fin,x,vo) On{dx) — > / Lp{x){i'x,vo)a{dx) 

for every ip G C{fl) and every vq G TZ. 

Proof. For each n G N cover with a family of pairwise disjoint cubes of side 
length 2~", translates of Qn.o := [0, 2^")^, and let Qn.j, j S J{n), be the collection 
of those cubes Q in the family that satisfy a{Q D dil) > 0. Moreover, for each n 
and each j G J{n) let Enj :— Qn.j H dfl, (arbitrarily) choose a point Xnj € En.j, 
and choose a family of rotations {Rn.j{x))x£E„ j C R^^^ such that Rn.j{xn,j) — I, 
h'ix) = Rn^j{x)v[xn,j) for every x G i?nj, where i'{x) denotes the outer normal at 
X G X I— ^ Rn.j{x) is continuous on En_j and 

(7.7) sup sup \Rnj{x)'^—l\ — > 0, 

which is possible since dfl is of class , at least if n is large enough. We define 
Onidx) -.^ Xdn{x)(^ ^ a{E„^j)dx^j{dx)j + xnix)a{dx), 

j£J(n) 

and, for every vq ^TZ, 

1 



,^ > I ^ / (h^M- Rn,j{y) ^))<y[dy) iix = Xn,j 

{i^x,vo) elsewhere. 



Here, note that for x G dil \ {xnj \ j G J{n)}, the definition of f/n.x does not 
matter since 9n{dn \ {xn,j \ j G J{n)}) = 0. Clearly, (6l„,7}„) G DM^(f7; R*^^^), 
and (6l„,77„) G BGDM^(f7; E^-^ by Proposition EH Finally, observe that by 
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()7.7p . also using that ip is uniformly continuous on and that vq is uniformly 
continuous in the sense of (12.11). 



an 

jeJ{n) 



I 'P{y){i'y,Vo)cr{dy) 
Ian 

as n — ?• oo. □ 
Our final ingredient is the following result of [13], which states that subsets of 
DM^(f2; M^^'^^) defined by constraints on the generating sequences are always (se- 
quentially) weak*-closed (essentially because one can always choose an appropriate 
diagonal subsequence). 

Proposition 7.11 (Lemma 3.3 in [13]). Let S C LP{Vt;^^^'^^) he an arbitrary 
hounded subset, and let DM^ ^(17; M^^^) denote the subset o/ DM^(r2; R*^^^) 
that consists of all DiPerna-Majda measures generated by a sequence (Un) C S . If 
{(J,!)) e DM^(r2;R^'^^^) and {(7k,i>k) is a sequence inBM^ such that 

{<7k,Vk) (cr, i>), i.e., 

(p{x){i>k,vo)ak{dx) — _ip{x){C',vq) a{dx) 

for every (p £ C{Q) and every vq G TZ, then {a, v) G DM^_g(f^; K*^''^). 

Remark 7.12. Note that since both C{il) and TZ are separable, the weak* topology is 
metrizable on bounded subsets of DM^{n;M.^^^^), and weak*-closcd is equivalent 
to weak*-sequentially closed. Moreover, Proposition 17.111 also holds if A is not 
bounded (e.g., A := {Vu | u G W^-p{Q:R^'^}): If for each k, {cJk.Vk) is generated 
by (Uk,n)n C LP{n-A), then 

lim lim / {\ + \UknT)dx= lim / (vkjl)crk{dx) = I {P, 1) a{dx) < oo. 

Hence, passing to subsequences if necessary, we may assume that the generating 
sequences are equibounded, and we can apply Proposition l7. 1 II with an appropriate 
bounded subset of A. 

We are now ready to prove the anticipated sufficient condition for gradient struc- 
ture of the boundary part of a DiPerna-Majda measure, as defined in (15. 1^ : 
Proof of Theorem \7^[ Let {(j,v) G BGDM^(f7; M*^^^). We have to show 
that (abjPb) S GDM^(ri; R*^^^). In view of Proposition 15. 1[ we may assume 
w.l.o.g. that {a,u) = (at, Pi,), i.e., that a{dx) — dx in and Vxids) = S^lds) for 
a; G ri. All the other DiPerna-Majda measure introduced below are understood to 
have this property as well, and for this reason, we will only define them on dVt. 

By Proposition 17.111 and Remark 17.121 it suffices to show that for each n, 
(6'„,r}„) G GDM^(f];R*^><^), where (6'„,77„) G BGDM^(f]; R*'^>^^) is defined in 
Proposition 17. 101 Recall that 

9n{dx) ^ X an,j5x„ j{dx) on dVL, 
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with a finite set J(n), coefficients Unj > and points Xn,j G dfl. In particular, 
fin,x is fully determined (i.e., for cr„-a.e. x) by f}n,Xn_j, j G J{n). Since {9n,f}n) G 
BGDM^(r2;R*'^^^), for each j G J(n), we have that 

by definition of BGDM^(fi; R*^^^) and the set introduced in Step I. By 
Proposition 17.81 there exists a sequence {6nj.k)k C H^^ . which weak*-converges 
to Snj in rca(/3Tj.]R*^^^) as fc cxd. Accordingly, the corresponding sequence of 
DiPerna-Majda measures {On,k,'nn,k)k C DM^(f7; E*^^^), defined by 

jeJ(n) 

f?n k x(d.s) := Sn i k(ds) if X = Xn i for some j G J(n), 

weak*-converges to (0„,?7„) in DM^(ri; R*^^^). Hence, by Propositon 17.111 and 
RemarklLni it suffices to show that {On.k^iln.k) G GDMi^(0; M*^^^). 

By definition of H^^ j , for each j G J{n) there exists a bounded sequence 
{uj,rn)m C ^^^'^(rj; R*^ (also depending on n and k) with support shrinking to 
Xn,j such that (Vuj.„i)m generates 6n,j,k, which implies that 



lim / ip{x)\v{yUj^rn{x)) - v{Q)\dx = (p{Xni){5n,j,k,Vo) 

(7.8) 

vix){'rin,k,x,vo) 4„,j (rfa:;), 



/an 

for every ip G C(n) and every v G T^(R*^^^), where i;o We define 

which is a sum of functions with pairwise disjoint support (at least for large to) 
Summing over j in (|7.8|) yields that 



lim / (^(a;) [ti(Vu„i(a:)) — w(0)] da; 

(7.9) ^ m"?L 51 J (p{x)[v{\7uj^mix)) - v{0)] dx 

n.k.x 1 

an 

Since 9n,k{dx) — dx in 51, f}n,k,x{ds) = So{ds) for x G il and wo(0) = f (0), 

(7.10) / Lp{x)v{0)dx^ / f{x){fln,k,x,Vo)9n,kid'X)- 



Plugging (fTTOl) into ([TJ]) . we obtain that 

lim / (p{x)v{\/um{x))dx ^ l_f{x){fln,k,x,VQ)9n^k{dx). 



This means that (Vum)m generates {On k,fln k), and consequently, {0nk,flnk) G 



GDM^(ll;R*^x^). □ 
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8. Proof of the relaxation result 

Proof of Theorem 

(i): Suppose that {un} already realizes the liminf. Fix x € Cl, apply Theorem 13. II 
to V := h{x, •) and integrate over Q. In view of (ii), (iii), and (iv) in Theorem 13.11 
we get 

Qh{x,Vu{x))dx < [ [ ^^^] ^1 i'x{ds)dcr{x) dx 

Jn J^KRA-fx" 1 + Isr 

——-—iyx{ds)as[dx) 

in J^iTCR"x]V\RMxN i + \s\f 

TTTTS^xids)a{dx) 



= lim / h{x,Wun{x)) dx 
Jn 



Here, note that for each a; G either Qh(x, •) = -co or Qh{x, •) > —oo. In the 
former case, we cannot use Theorem [371] (ii), but the corresponding estimate above 
then becomes trivial. 

(ii): Below, we use the shorthand f A g :— max{/, g}, pointwise for real-valued 
functions. Let e > 0. For m G N set 

Vmix, s) := — \sf - m ior x e n and s e M^^^^. 
m 

Since h A V„i is p-coercive for each m, there exists a sequence (wm.n)™ C u + 
WQ^'^(r2; R^^) such that Um.n u in W^'P as n ^> oo and 

{Vm Ah){x,Vum,n)dx — > / Q(Vm, A h){x,\7u) dx, 

Jn 

by the standard relaxation result, see for instance [6j Th. 9.8]. By the trivial 
estimate h < Vm A h, this implies that 

(8.1) limsup / h{x,Vum,n)dx < / Q{V„i A h){x,\7u) dx 

n-i-oo Jfl Jo, 

Case 1 : \E\ — 0, i.e., Qh{x, •) > — oo for a.e. a; G Jl. 

We split the integral on the right hand side of (|8.1I) into integrals over the set 

QiV„i A h){x, Vu{x)) < Qh{x, Vit(x)) 



G{m,e) := < a; e 



2\n\ 

and its complement. Thus, we get that 
limsup / h{x,\i'urn,n) dx 

(8.2) 

< / Q/i(x, Vu) + - + / C(|Vw|P + l)da;, 

JG(m,e) 2 Jn\G{m,e) 

where we also used that h{x,s) < C(|s|^ + 1) for some constant C > 0, and 
Q{Vm A h) inherits this upper bound, at least for large m. Observe that G{m, e) C 
G{m + l,s). Moreover, by the representation formula for quasiconvex envelopes 
there exists a function (p € Wq '°°(ri; R*^) such that 



h{x, Vu{x) + V(p{y)) dy < Qh{x, Vu{x)) 

n 
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In particular, x G G{m,e) if m is large enough so that (Vm A h){x, Vu{x) + s) = 
h{x,\7u{x) + s) for every \s\ < ||V</j||^. Hence, we have that UmGN^("^'^) = 
and 

(8.3) / Qh{x,Vu)dx — > / Qh{x,Vu)dx 

by monotone/dominated convergence (for the negative and the positive part of the 
integrand, respectively). For the same reason. 



(8.4) / Ci\Vu\P + l)dx 0. 

Jn\Gim.,s) "^"^ 

Combined. (|8?2l) - (|01) imply that there exists M(e) e N such that 
limsup / h{x,Vum,n) dx < / Qh{x,u)dx + e, 
for every m > Af(e). 

Case 2 : \E\ > ior E ^ {x e ^ \ Qh{x, •) = -oo}. 

We now define 



G{m,£) -.^ \ x e E 



Q{Vm /\ h){x,Vuix)) < 



e\E\ 

Once more splitting the integral on the right hand side of (|8.ip . we now get that 



limsup / h{x,Vum,n)dx 

(8.5) 

< / [7^7^^+ / C{\Vu\P + l)dx. 

As before, G{m,s) C G{m + l,e), and due to (|2.4I) . IJ^^gj^ G'(m, e) = i?. For m 
large enough, we thus have that \G{'m,e)\ > i \E\, and consequently, 

limsup f h{x,Vum,n) dx < h / C(| Vu|^ + 1) dx. 

n->oo ^ Jf2 

This implies the assertion if e is sufficiently small. □ 
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